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Abstract 
The purpose of this study is to investigate the effects of particle stiffness on the mechanical response between a granular 
assembly and an acrylic cylinder under confined compression.  Variations of wall strain are measured through strain gages at 
three given heights and used to calculate the relevant stresses through a generalized Hooke’s law.ġ ġSteel spheres and polystyrene 
spheres are selected to characterize the effects of particle stiffness.ġ ġExperimental results show that a granular assembly of high-
stiffness particles is able to transmit more vertical force, dissipates less energy in the lateral deformation, and causes a smaller 
frictional effect between particles and wall. 
© 2013 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the National Tsing Hua University, Department of Power Mechanical 
Engineering. 
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Nomenclature 
 
h Assembly height (mm) 
t Thickness of the acrylic cylinder (mm) 
y Downward distance from the initial top surface of the granular assembly to a selected location (mm) 
C* Dimensionless parameter in a fitted equation 
Di  Inner diameter of acrylic cylinder (mm) 
Do Outer diameter of acrylic cylinder (mm) 
D Average diameter of acrylic cylinder (mm) 
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E Young’s modulus (GPa) 
Ff Frictional force acting between the granular assembly and cylinder wall (N) 
FB Vertical force at the bottom plate (N) 
FH Horizontal force acting between the granular assembly and cylinder wall (N) 
FT Vertical force at the top platen (N) 
FV Vertical force at a given assembly height (N) 
K Lateral pressure ratio 
Greek symbols 
aH  Average axial strain 
hH  Average hoop strain 
Pb Bulk wall friction 
Ppp Static friction coefficient of particle to particle 
Pwp Static friction coefficient of particle to acrylic wall 
v Poisson’s ratio 
aV  Average axial stress (kPa) 
hV  Average hoop stress (kPa) 
HV  Average horizontal stress (kPa) 
VV  Average vertical stress (kPa) 
W  Average shear stress (kPa) 
Subscripts 
t  The height of the top strain gages 
b The height of the bottom strain gages 
m The height of the middle strain gages 
1. Introduction 
Granular materials are regarded as an assembly of many grains.  Granular materials exhibit significant differences 
in properties from those of solid and fluid states.  There are many parameters influencing the mechanical behavior of 
a granular system, including packing density, grain size and shape, surface roughness, confining pressure, etc.ġ [1].  
Granular materials are usually collected in a container for the purpose of storage and transport.  Such applications 
are widely seen in industrial processes, such as agricultural grains, fertilizers, pharmaceutical powders, cosmetics, 
chemical pellets, metallurgical powders, foods, and mineral ores [2].  However, the stress distribution in a granular 
assembly is not uniform but is conducted through a force chain which is related to the networks of grains.  The 
mechanical response between the particles and the container should be considered for storage of a granular material.  
The contact force, frictional force, gravitational force, and driving force applied in the container may cause a 
structure deformation or failure [3-7].  A modified bulk solid confined compression test was introduced by Masroor 
et al. [8] to figure out the mechanical responses of a granular material through force and strain measurements under 
confined compression.  However, in that study, the mechanical responses were measured only at a certain height.  
Actually, the packing density may vary with location when the vertical load is being applied.  Although the 
mechanical responses of granular materials have been studied in various simulations [9-12], limited experimental 
work has been reported previously [8].  The purpose of this experimental study is to investigate the influence of 
particle stiffness on the interaction between a granular assembly and the cylindrical wall and the mechanical 
responses at various heights under a confined compression condition. 
2. Experimental procedures 
2.1. Material properties of particles 
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In this study, AISI 1012 steel and polystyrene spheres are chosen to characterize the effect of particle stiffness on 
the mechanical responses in a granular assembly.  Material properties of the as-received 6-mm-diameter AISI 1012 
steel spheres are listed in Table 1.  The Young’s modulus and Poisson’s ratio values in Table 1 are taken from Ref. 
[13].  In Table 1, the two static friction coefficients Pwp and Ppp are the friction coefficient of steel particle to acrylic 
wall and steel particle to steel particle, respectively.  Friction coefficients, Pwp and Ppp, are measured using a Jenike 
shear test [14].  Five groups of particles are randomly selected for measuring the static friction coefficients.  The 
average value and coefficient of variation are calculated and listed in Table 1.  The material properties of polystyrene 
spheres are given in Ref. [15]. 
Table 1. Material properties of as-received AISI 1012 steel sphere 
Material property Average value Coefficient of 
variation (%) 
Diameter (mm) 5.98 0.00 
Density (kg/m3) 7,909 0.20 
Young's modulus (GPa) [13] 205 -- 
Poisson's ratio [13] 0.29 -- 
Static friction coefficient of particle to acrylic wall, Pwp 0.16 4.01 
Static friction coefficient of particle to particle, Ppp 0.45 3.84 
2.2. Experimental setup 
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Fig. 1. Schematic of an experimental setup of confined compression test. [15] 
To measure the mechanical response of a granular assembly under confined compression, an experimental setup 
of confined compression test is designed and shown in Fig. 1 [15]. A top force (FT) is applied downward to a 
granular assembly through a top platen by moving upward the bottom actuator of a commercial servo-hydraulic 
material test machine.  The top and bottom platens are made of stainless steel. The diameter of the top and bottom 
platens is 95 mm. They are connected to the top and bottom load cells to measure the top force (FT) and bottom force 
(FB), respectively.  FT, FB, and the actuator displacement are recorded through a data acquisition system.  A granular 
assembly is formed and constrained by the acrylic cylinder, as shown in Fig. 1.  To measure the force-induced 
deformation in the cylinder, biaxial strain gage rosettes are tagged at three selected heights on the acrylic cylindrical 
wall (Fig. 1).  Hoop and axial strains are measured and recorded through six strainmeters with a total of twenty-four 
channels.  Three personal computers (PCs) are used to save the experimental data in this test.  The length, outer 
diameter, and wall thickness of the cylinder are 260 mm, 100 mm, and 2 mm, respectively.  Young’s modulus and 
Poisson’s ratio of the cylinder is 2.743 GPa and 0.33 [16,17], respectively.  A thin-walled vessel can be assumed for 
such a cylinder.  Four biaxial strain gage rosettes are equally tagged on the circumference of the cylinder to measure 
the hoop and axial strains at three given heights.  The bottom strain gages, middle strain gages, and top strain gages 
are located at three selected heights, namely 65 mm, 125 mm, and 185 mm, respectively, from the bottom of the 
acrylic cylinder.  The bottom platen is placed at a height of 25 mm from the bottom of the acrylic cylinder.  The 
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initial height of the granular assembly is defined as the distance between the top platen and bottom platen before test.  
The initial assembly height of steel spheres is 200 mm and the total mass of the assembly is 6.988 kg. 
2.3. Experimental procedure 
A granular assembly is formed and constrained within an acrylic cylinder.  Before starting the test, granular 
particles are filled into the 260-mm long cylinder through a funnel.  After forming a granular assembly in the 
cylinder, the confined compression test is then performed under displacement control with a constant stroke rate of 
0.05 mm/s.  In this test, the top platen presses the top surface of the granular assembly to the setting distance by 
moving upward the actuator at bottom.  The maximum displacements are set as 1.5 mm and 2.5 mm for the steel and 
polystyrene granular assembly, respectively.  After reaching the specified displacement, the actuator is released to 
the initial position at a constant speed of 0.05 mm/s.  Twelve axial and hoop wall surface strains, top force, bottom 
force, and displacement are recorded through a data acquisition system during the loading cycle in each confined 
compression test. Ten repeated tests are conducted for each granular assembly. 
Considering a plane stress condition, the measured axial strain (Ha) and hoop strain (Hh) at each biaxial strain gage 
rosette on the cylindrical wall can be transformed to axial stress (Va) and hoop stress (Vh) at each height through a 
generalized Hooke’s Law.  The axial stress and hoop stress are expressed as follows, 
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where E and v are Young’s modulus and Poisson’s ratio of the acrylic cylinder, respectively.  As shown in Fig. 1, 
four axial strains and hoop strains are measured at each height.  The average axial stresses ( aV ) and hoop stresses 
( hV ), at the height of the bottom strain gages, middle strain gages, and top strain gages, are calculated through Eqs. 
(1) and (2) by averaging the four relevant strain measurements ( aH , hH ) along the circumference at each height. 
In this study, the average horizontal stress acting on the inner surface of the cylinder is similar to an internal 
pressure applied into a thin wall vessel.  Therefore, the average horizontal stress can be obtained as follows [18], 
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where D is the average of the outer and inner diameter and t is the thickness of the acrylic cylinder.  HV  is the 
average horizontal stress at a given height of the strain gages. 
From a free body diagram of the granular assembly and cylinder sectioned at a given height, vertical force FV at a 
given assembly height can be calculated with the top force FT and average axial stress aV  of cylinder at each height 
through the following equation. 
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Do and Di are the outer and inner diameter, respectively, of the cylinder.  FT is the force applied at the top platen and 
FV is the vertical forces at a given height of the strain gages.  After determining the vertical force, the vertical stress 
in the granular assembly at each height can be calculated by dividing the vertical force by the inner circular area of 
the cylinder.  As the cylinder might expand during the confined compression, the change of inner diameter should be 
considered.  In this regard, the vertical stress in the granular assembly at a certain height can be expressed as Eq. (5), 
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where VV  is the vertical stresses at a given height of strain gages. 
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Masroor et al. [8] only measured the lateral pressure ratio (K) and the bulk wall friction (Pb) at a certain vessel 
height as the mechanical responses of the whole granular assembly.  In this study, the average vertical, horizontal, 
and shear stress at various given heights are calculated.  Therefore, K and Pb at the given three heights are 
determined as follows, 
H
V
K VV                                                                                              (6) 
b
H
WP V                                                                                             (7) 
where  W  is the average shear stresses at a given height of strain gages.  According to the Janssen’s theory [8,19], the 
granular assembly is assumed to be a continuum such that the bulk wall friction (Pb) and the lateral pressure ratio (K) 
are supposed to be a constant.  In addition, in the confined compression test, the shear stress can be derived using the 
Janssen’s theory [8,19]. 
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The relation among the bulk wall friction (Pb), lateral pressure ratio (K), bottom force (FB), and top force (FT) for 
a granular assembly with a height of h and a cylinder with an inner diameter of Di is given below [8,19], 
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where h is the assembly height.  If the granular assembly is assumed to be a continuum, a singlePbK value can be 
determined with the known bottom force (FB), top force (FT), and granular assembly height (h) using Eq. (9).  The PbK value may change along with the axial position in a confined granular assembly.  Therefore, multiple segments 
of the granular assembly with varying PbK are considered in the present work to replace the single, whole unit of 
granular solid considered in the Janssen’s theory [8,19].  The vertical forces (FV) at different heights of the granular 
assembly can be determined using Eq. (4).  A linear regression analysis is conducted on the experimental data to 
determine a position-dependent dimensionless parameter C* which is analogous to PbK.  Eq. (9) can be modified as 
Eq. (10) using the free body diagram of a segment in the granular solid to calculate the dimensionless parameter C* 
as expressed below, 
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where y is the downward distance from the top surface of the granular assembly to the bottom of the segment 
considered.  FV is the vertical force at a distance y, which is defined form the initial top surface to the selected height 
(Fig. 3).  The shear stress at each given height can be derived from Eq. (10) and is given below, 
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In this regard, the bulk wall friction at different heights in Eq. (7) can be determined accordingly.  
3. Results and discussion 
In this study, mechanical responses of a granular assembly of steel spheres are compared with those of 
polystyrene spheres.  Mechanical responses of a 200 mm height of granular assembly of 6-mm-diameter polystyrene 
spheres under confined compression have been studied previously [15].  The Young’s modulus of polystyrene 
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sphere is 3.3 GPa [15].  The friction coefficient of particle to wall and particle to particle is 0.14 and 0.46, 
respectively, for polystyrene sphere [15].  Experimental results of the polystyrene sphere in Ref. [15] are compared 
with those of the steel sphere in the current work to characterize the effect of particle stiffness.  In the following 
comparison figures, each of the symbol represents an average value of five and ten sets of experimental data for 
polystyrene spheres and steel spheres, respectively.  In addition, a normalized displacement parameter is used to 
express the force-displacement characteristics during the confined compression test.  The normalized displacement is 
defined as a ratio of the actuator displacement to the initial assembly height. 
As shown in Fig. 2, the vertical force at each given height for the granular assembly of steel spheres is larger than 
that of polystyrene spheres.  Because of the frictional effect between the granular assembly and the cylinder wall, the 
vertical force is decreased gradually from the position of top platen to bottom platen along the axial direction of the 
cylinder for each given particle material (Fig. 2).  As shown in Fig. 3, the FT and FV are the vertical force at the top 
platen and the vertical force at a given height, respectively; the Ff and FH are the frictional force and horizontal  
 
 
Fig. 2. Vertical force at different heights of the granular assembly during confined compression for steel and polystyrene spheres. (Data for the 
polystyrene spheres are taken from Ref. [15]). 
 
Fig. 3. Free body diagram of a portion of granular assembly at a given height. 
force (normal force) acting between the granular assembly and the cylinder wall, respectively.  In addition, FV,b, FV,m, 
and FV,t are the vertical forces at the height of the bottom, middle, and top gages, respectively.  The vertical forces FT, 
FV,t, FV,m, FV,b, and FB of the polystyrene sphere assembly are of 2,293 N, 1,841 N, 1,715 N, 1,570 N, and 1,234 N, 
respectively, at the final normalized displacement.  However, for the steel sphere assembly, they are of 5,150 N, 
4,738 N, 3,949 N, 3,521 N, and 3,188 N, respectively, at the final normalized displacement.  It indicates a greater 
stiffness for the steel sphere assembly during loading period.  The Young’s modulus of polystyrene sphere and steel 
sphere is 3.3 GPa and 205 GPa, respectively.  Apparently, the stiffness of the granular assembly is consistent with 
the Young’s modulus of the particles, as shown in Fig. 2.  The average vertical stress at each given height for steel 
spheres and polystyrene spheres are compared and shown in Fig. 4.  ,V bV , ,V mV , and ,V tV  are the vertical stresses at 
the height of the bottom gages, middle gages, and top gages, respectively.  Fig. 4 shows similar variation trends to 
those of the mechanical response of vertical force in Fig. 2.  The average vertical stress generally decreases 
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downward to the bottom position along the axial direction because of the frictional force between the granular 
assembly and the cylinder wall (Fig. 4).  In addition, it shows the average vertical stress of the steel sphere assembly 
is larger than that of the polystyrene sphere assembly, in particular at the top position.  This is due to that soft 
spheres (polystyrene) are more easily to deform and dissipate contact energy during the confined compression test.  
A similar phenomenon has been found in a study about hydraulic fracturing by Kulkarni and Ochoa [20].  In that 
study, a granular assembly under confined condition was simulated for both soft and hard particles and it was found 
that greater forces occurred in the hard particles.  In addition, the maximum deformation occurred in the soft 
particles.  It indicates the large-stiffness particles transmit more vertical force and dissipate less energy on 
deformation during loading period.  Therefore, the ability of vertical force transmission for a hard assembly (steel 
assembly) is greater than that for a soft assembly (polystyrene assembly).  Furthermore, it has been explained above 
that the vertical force or the average vertical stress decreases from top to bottom because of a frictional effect 
between the granular assembly and cylinder wall, as shown in Fig. 4.  However, the differences in friction 
coefficient of particle to wall and particle to particle between steel spheres and polystyrene spheres are not much.  
Consequently, the difference in the vertical force between the hard and soft assembly shown in Fig. 2 is caused by a 
difference in the Young’s modulus of the particle.   
 
 
 (a) (b) (c) 
Fig. 4. Average vertical stress at various heights for steel and polystyrene spheres: (a) top strain gages; (b) middle strain gages; (c) bottom strain 
gages. (Data for the polystyrene spheres are taken from Ref. [15]). 
 
 (a) (b) (c) 
Fig. 5. Average horizontal stress at various heights for steel and polystyrene spheres: (a) top strain gages; (b) middle strain gages; (c) bottom 
strain gages. (Data for the polystyrene spheres are taken from Ref. [15]). 
As shown in Fig. 5, the average horizontal stress at the height of top strain gages ( ,H tV ), middle strain gages 
( ,H mV ), and bottom strain gages ( ,H bV ) for both steel spheres and polystyrene spheres increases with increasing top 
force and the value is lower at a lower position.  During the confined compression test, particles can move 
downward and/or laterally toward the cylinder wall.  Fig. 5 shows that the particles at a higher position tend to press 
the cylinder more than move downward during the test.  The random particle distribution in a granular assembly 
causes a complex structure of force chain.  In other words, the force does not transmit in the axial direction only, but 
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also in the radial direction.  It might dissipate more energy when the force transmits through particles and changes 
direction.  Therefore, the average horizontal stress is smaller when the force transmits to a lower position [15].  
Another reason might be associated with the packing density near the wall which is greater at a higher position when 
the force transmits from the top surface to bottom surface of the granular assembly.  Particles are easier to push the 
cylinder wall as the packing structure near the wall is denser at a higher position during loading process.  In addition, 
the average horizontal stress shows an opposite trend to that of the average vertical stress (Fig. 4).  Given a height in 
the granular assembly, the average horizontal stress in the steel sphere assembly is smaller than that of the 
polystyrene sphere assembly.  It indicates it is more difficult for the granular assembly of large-stiffness particles to 
deform laterally during the confined compression loading. 
The average shear stresses at the height of top strain gages ( tW ), middle strain gages ( mW ), and bottom strain 
gages ( bW ) are shown in Fig. 6.  The average horizontal stress can be seen as a normal force acting on the interface 
between the granular assembly and cylinder wall.  In Eq. (7), the average shear stress is related to the bulk wall 
friction and is seen as the frictional force on the interface.  The friction coefficient of particle to wall (Pwp) for the 
steel sphere (0.16) is comparable with that of the polystyrene sphere (0.14).  In addition, a greater average shear 
stress (friction force) at a higher position is caused by a greater average horizontal stress (normal force) acting on the 
wall.  The mechanical response of the average shear stress thus has a similar trend to that of the average horizontal 
stress, increasing with the granular assembly height.  Furthermore, the average horizontal stress at each position is 
greater for the polystyrene sphere assembly (Fig. 5).  Consequently, the average shear stress for the soft polystyrene 
particles is greater than that for the hard steel particles at each given height, as shown in Fig. 6. 
 
 
 (a) (b) (c) 
Fig. 6. Average shear stress at various heights for steel and polystyrene spheres: (a) top strain gages; (b) middle strain gages; (c) bottom strain 
gages. (Data for the polystyrene spheres are taken from Ref. [15]). 
 
 (a) (b) (c) 
Fig. 7. Lateral pressure ratio at various heights for steel and polystyrene spheres: (a) top strain gages; (b) middle strain gages; (c) bottom strain 
gages. (Data for the polystyrene spheres are taken from Ref. [15]). 
The mechanical response of the average vertical stress (Fig. 4) and the average horizontal stress (Fig. 5) can also 
be explained by the lateral pressure ratio (K).  Fig. 7 shows the lateral pressure ratios at the height of top strain gages 
151 Han-Hong Peng et al. /  Procedia Engineering  79 ( 2014 )  143 – 152 
(Kt), middle strain gages (Km), and bottom strain gages (Kb).  The Kt, Km, and Kb become stabilized after the top force 
reaches a certain value (500 N).  This is attributed to a progress of initial fast consolidation of the granular assembly 
due to rearrangement of particles and further gradual mobilization of friction in contacts between particles [9].  
These results show that the lateral pressure ratio is position dependent as Kt > Km > Kb in Fig. 7.  As indicated in Eq. 
(6), a greater K value implies a greater extent of lateral movement of particles leading to a larger average horizontal 
stress at a certain height [15].  Therefore, the greater K value at a higher position indicates particles at higher 
positions tend to press the cylinder more than do those at lower positions.  Similar to the variation trends of the 
average horizontal stress, the force chain near the top platen is shorter and has less energy dissipation resulting in a 
greater average horizontal stress at a higher position.  In addition, the packing density might be smaller at lower 
positions so that particles transmit less force to the cylinder wall, which causes a lower K value.  In addition, the K 
value for the polystyrene sphere assembly at each selected height is larger than that of the steel sphere assembly.  In 
other words, the contact force in the large-stiffness particles is transmitted downward with a greater extent than is 
transmitted laterally, resulting in a greater stiffness of the granular assembly in vertical direction, as shown in Fig. 2.  
Therefore, a large-stiffness granular assembly causes a smaller lateral pressure ratio under confined compression 
condition (Fig. 7). 
 
 
 (a) (b) (c) 
Fig. 8. Bulk wall friction at various heights for steel and polystyrene spheres: (a) top strain gages; (b) middle strain gages; (c) bottom strain gages. 
(Data for the polystyrene spheres are taken from Ref. [15]). 
As shown in Fig. 8, Pb,b, Pb,m, and Pb,t are the bulk wall friction at the height of bottom, middle, and top strain 
gages, respectively.  The Pb,b, Pb,m, and Pb,t become stabilized after the top force reaches a certain value (500 N) .  
due to a progress of initial fast consolidation of the granular assembly.  The difference in the bulk wall friction at the 
given axial positions is not significant, and is close to the friction coefficient of particle to wall (Pwp).  The static 
friction coefficient of particle to wall (Pwp) is determined at the moment that particles are going to slide under a 
certain normal force in a Jenike shear test.  However, the bulk wall friction (Pb) is an overall friction coefficient of 
the particles to wall under a confined compression condition.  Therefore, the particles contacting the wall are about 
to slide or mobilize when the bulk wall friction (Pb) is comparable with the static friction coefficient of particle to 
wall (Pwp).  The bulk wall friction at each position of the polystyrene sphere assembly at the steady state is close to 
the value of Pwp (0.14) [15].  A similar trend for the granular assembly of steel spheres is also found in Fig. 8 in 
which the bulk wall friction is close to the Pwp value of 0.16.  Therefore, the bulk wall friction is related to the 
material property of friction coefficient of particle to wall (Pwp) if the particles beside the wall are almost mobilized.  
Difference in Young’s modulus does not affect the bulk wall friction. 
4. Conclusion 
In this study, an experimental setup is established to characterize the mechanical response of particles in an 
acrylic cylinder under confined compression.  Effects of material stiffness are investigated.  During a confined 
compression test, vertical stress, horizontal stress, shear stress, and lateral pressure ratio in the granular assembly 
decrease from the top to the bottom of the granular assembly.  It is attributed to a greater energy dissipation of force 
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transmission and a greater accumulated frictional force between particles and wall as the depth increases.  The 
stiffness of a granular assembly increases with particle stiffness.  A granular assembly of high-stiffness particles is 
able to transmit more vertical force, dissipates less energy in the lateral deformation, and causes a smaller frictional 
effect between particles and wall during a confined compression process. 
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